The advent of large-scale renewable energy generation and electric mobility is driving a growing need for new electrochemical energy storage systems. Metal-air batteries, particularly zinc-air, are a promising technology that could help address this need. While experimental research is essential, it can also be expensive and time consuming. The utilization of well-developed theory-based models can improve researchers' understanding of complex electrochemical systems, guide development, and more efficiently utilize experimental resources. In this paper, we review the current state of metal-air batteries and the modeling methods that can be implemented to advance their development. Microscopic and macroscopic modeling methods are discussed with a focus on continuum modeling derived from non-equilibrium thermodynamics. An applied example of zinc-air battery engineering is presented.
Introduction
In the ever-growing search for safe and high-performance energy storage technology, development of metal-air batteries is taking on new importance [1] . The promise of these systems is clear: a significant increase in energy density over Li-ion batteries, utilization of abundant materials, and improved safety [2] . While great progress has been made in their development, challenges remain before secondary metal-air batteries can become widely commercially viable.
Metal-air batteries comprise a metal electrode (e.g., Zn, Li, Mg, Al, etc.), electrolyte (aqueous or non-aqueous), and a bi-functional air electrode (BAE). The basic operating principle is to electrochemically reduce O 2 from air and oxidize the metal electrode to reversibly form solid metal-oxides. In this way, both the volume and the weight of the battery can be significantly reduced compared to Li-ion systems. Figure 1 compares the theoretical energy density and specific energy of metal-air systems. In some non-ideal cases the precipitation of the solid discharge product can consume active electrolyte components, reducing the achievable energy density [3] . Research into a variety of metal-air chemistries is ongoing. The homogeneous deposition of Mg metal makes Mg-air systems appealing [4] [5] [6] , but aqueous Mg-air batteries are severely limited by the corrosion of the Mg electrode. Ionic liquid electrolytes have been proposed for Mg-air systems, but they also suffer from electrochemical instability, particularly during charging, and the reversibility of the cell is limited [7] . Another interesting contender is Al-air. Al is an abundant and safe material, and Al-air batteries have high theoretical energy density and specific energy values [8] [9] [10] . However theses systems are susceptible to corrosion and have not demonstrated adequate cycling stability. The natural abundance and safety of sodium combined with its comparable properties with lithium have driven research into Na-air [11] [12] [13] . These systems are still in a very early stage of research. Si-air batteries have also attracted attention [14] . They have a high theoretical energy density and are stable in aqueous electrolytes. Experimental studies of Si-air systems have been performed in both ionic liquid [15] and alkaline electrolytes [16] , but they currently face challenges with the reversibility of the solid discharge product, precipitation, and pore blockage. Among the metal-air systems under development, Li-air and Zn-air are the most promising [17] [18] [19] . Li-air batteries (LABs) have been researched for decades [20] , but have only become a widely-pursued topic since the early 2000s. The electrolyte has proved to be a limiting factor in LAB development. The most common electrolyte configurations of Li-air systems are aprotic (non-aqueous) and aqueous. Mixed electrolyte systems have also been proposed. The beginning of the LAB research wave focused on aprotic electrolytes. The first work on the aprotic Li-air system (LiPF 6 in ethylene carbonate (EC)) was performed in 1996 by Abraham, et al. [21] , who proposed an overall reaction forming Li 2 O 2 or Li 2 O. Early aprotic Li-air cells were based on a carbonate solvent, but it has since been shown that carbonate solvents are unstable, producing lithium-carbonates during discharging and evolving CO 2 during charing [22] [23] [24] [25] . These days, carbonate electrolytes have been abandoned in favor of ether and ester solvents with lithium salts. A second challenge for LABs in aprotic electrolytes relates to the precipitation of Li 2 O 2 . When this solid precipitates in the cathode, it can form a dense layer over the carbon surface and inhibit the transfer of electrons. As precipitation continues, entire pores in the cathode may become blocked, passivating the electrode and limiting the cell capacity. Finally, it has been noted that oxygen transport in aprotic eletrolytes can be a challenging factor in LAB performance, especially at higher current densities [26, 27] . This has motivated researches to learn from the success of the gas diffusion electrode in fuel cells and pursue investigations of LABs with aqueous electrolytes.
It is well known that Li metal reacts violently with water, which had previously limited the use of aqueous electrolytes for Li-air systems. Then in 2004, a glass ceramic layer over the Li electrode was successfully proposed to protect the metal electrode while still allowing the electrochemical reaction to proceed [28, 29] . In alkaline aqueous electrolytes, the discharge product is LiOH · H 2 O instead of Li 2 O 2 . In these systems, LiOH · H 2 O tends to precipitate at the separator-anode interface [30] , which reduces the risk of pore clogging in the cathode as observed in aprotic LABs. However, when aqueous alkaline electrolytes are exposed to air, dissolved CO 2 reacts with OH -to form carbonates, which slowly reduces the conductivity of the electrolyte and limits the lifetime of the cell.
In the recent wave of interest in the development of Li-air batteries, many theoretical studies have highlighted the impressive possibilities of these systems [30] [31] [32] [33] [34] [35] [36] and the company International Business Machines Corporation (IBM) pursued Li-air systems for commercial applications [17] . Although significant challenges remain [37] [38] [39] [40] [41] , the future of Li-air batteries is promising.
Zn-air batteries (ZABs) stand alone as the only fully mature metal-air system and have been successfully commercialized as primary cells for many years. They are particularly suitable for low-current applications like hearing aids. However, their calendar life and electrical rechargeability is limited [42] . One major advantage of Zn as an electrode material is that, unlike Li, it is stable in water.
In an effort to improve the rechargeability of ZABs, alternative near-neutral aqueous [43, 44] and ionic liquid electrolytes [45] [46] [47] have been proposed. Current research continues to focus on material development to address the lifetime limitations and cell engineering to improve the performance of these systems [48] . Although some hurdles remain, the development of secondary ZABs has progressed to the point that they could become feasible for stationary storage applications and some Start-Ups like Eos Energy Storage [49] and Fluidic Energy [50] have begun to commercialize the technology. Zn-air systems offer perhaps the most immediate and reliable pathway to a viable secondary metal-air battery.
In this review, we examine model-based design tools that can be applied to advance development of metal-air systems. The majority of existing models were developed for Zn-air cells, as they are the oldest and most mature system. Therefore our review shall focus mainly on the application of models to ZABs and highlight some important advances unique to LABs. Note that these methods are easily translatable to other metal-air systems.
Zinc-Air Batteries
In this section, we present a summary of the working principle of ZABs and discuss the main challenges hindering the development of electrically-rechargeable Zn-air systems.
Working Principle
In their most common configuration, Zn-air batteries contain a metallic Zn electrode, porous separator, circa 30 wt % aqueous KOH electrolyte, and a bi-functional air electrode (BAE). The BAE consists of a porous substrate and a bi-functional air catalyst (e.g., MnO 2 ) to facilitate the oxygen-reduction and oxygen-evolution reactions (ORR, OER) [51] [52] [53] . The design of the BAE is similar to gas diffusion layers (GDL) from fuel cell applications. The porous BAE substrate contains carbon fibers and binder with mixed hydrophilic and hydrophobic properties to promote the formation of the so-called three phase boundary, while hindering the electrolyte from flooding out. The Zn electrode is often a paste consisting of zinc metal powder, electrolyte, and binder [54] . The capacity of the cell is determined by the Zn electrode, which is designed in such a way as to include as much active material as possible while minimizing the effects of shape-change and electrolyte concentration gradients. Aqueous KOH is the most common electrolyte for Zn-air batteries due to its high conductivity (circa 600 mS · cm −1 ).
An operational schematic of a ZAB in alkaline electrolyte is shown in Figure 2 . When the cell is discharged, the Zn electrode is electrochemically oxidized to form Zn(OH) 2 -4 (zincate) complexes,
Oxygen gas enters the cell through the BAE and dissolves into the electrolyte, where it is reduced to form OH -ions,
When the saturation limit of zinc in the electrolyte is exceeded, solid ZnO precipitates mainly in the anode and the battery achieves a stable working point,
When the cell is charged, ZnO dissolves, zinc is redeposited at the Zn electrode and oxygen gas is evolved in the BAE. The overall cell reaction is given by
The open-circuit voltage of a ZAB in 30 wt % KOH is 1.65 V. The high conductivity of the electrolyte, high mobility of OH -, and reasonable kinetics of the ORR give the cell a nominal discharge voltage of 1.2 V at current densities of circa 10 mA · cm −2 [55] . The molar volume of ZnO is 60% larger than metallic Zn, which causes the cell to expand during discharge. Even so, ZAB button cells demonstrate a practical energy density on the order of 1000 Wh · L −1 [55] . 
Challenges, Progress, and Opportunities
While ZABs have been quite successful as primary cells, there are a number of hurdles that limit their electrical rechargeability and provide opportunities for further research.
The most well-known challenges relate to the aqueous KOH electrolyte. When the ZAB is operated in air, CO 2 can dissolve in the electrolyte and react with OH -to form CO 2 -3 [56] . This parasitic reaction reduces the conductivity of the electrolyte, slows down the cell reactions, and eventually kills the cell [55] . As such, the lifetime of alkaline ZABs is limited from the moment they are exposed to air. A CO 2 filter could be applied to scrub the air [57] , but this adds cost and complexity to the system. A second challenge for the electrolyte is the evolution of hydrogen gas. The potential of the Zn electrode reaction is below the potential for hydrogen evolution, which causes the electrolyte to be thermodynamically unstable [58] . However, H 2 evolution on the Zn surface can be kinetically suppressed with dopants, such as Hg, In, or Bi [19, [59] [60] [61] .
To address these challenges, current research is focused on the development of alternative electrolytes. An ideal electrolyte for Zn-air batteries should be stable in the electrochemical window of the cell, stable in air, conductive, non-corrosive, and thermodynamically favor the reversible precipitation of the desired final discharge product. Alternatives include aqueous alkaline with additives [62] , which were recently evaluated by Schröder et al. [63] and Mainar, et al. [64, 65] . Near-neutral chloride-based electrolytes have been experimentally evaluated by Zong and co-workers [43, 44] with promising initial results. Chloride-based electrolytes address the carbonation issue and could improve the quality of Zn deposition, but they struggle with the precipitation of zinc-chlorides and the strongly oxidative nature of chlorine. Non-aqueous ionic liquid electrolytes [45, 46, [66] [67] [68] have been proposed with promising results [69] , but the rate of these systems is limited and much work remains to be done.
Metal electrodes offer the possibility of achieving very high energy density. However, the formation of mossy or dendritic metal structures during charging can cause the electrode to change shape [70] and lead to an internal short-circuit [71] , killing the cell. With its low surface diffusion characteristics and fast deposition kinetics [72] , Zn is specifically vulnerable to electrode shape change. Achieving homogeneous Zn deposition is essential to the development of a secondary ZAB. Electrolyte additives and alternative electrode designs have been proposed to address this challenge [43, [73] [74] [75] [76] [77] , with mixed results.
A further challenge in Zn electrode design is the passivation of the electrode surface due to ZnO precipitation [78] . To achieve a high energy density, the precipitation of ZnO is required. However, when ZnO precipitates on the active surface of the Zn metal, it limits the transport of species to/from the electrolyte. When this ZnO barrier becomes too large, the electrochemical reaction can no longer proceed and the electrode is passivated [62, 79] . ZnO passivation can take on two forms [54, 80] . Type I ZnO has a porous white morphology. It precipitates near the surface of the Zn particle, but does not block it completely. The formation of type I ZnO is reversible. Type II ZnO forms a black dense layer directly on the surface of the the Zn particle. It is thought that type II ZnO forms on the active sites of the Zn metal, permanently blocking them and creating a passivating avalanche effect [81] .
Finally, the development of an active, stable, and cheap bi-functional air catalyst is a hotly pursued topic in material science [44, 51, [82] [83] [84] . It is difficult to find a catalyst that is suitable for both the ORR and the OER. The alternating oxidative and reductive environments present in the BAE during cycling further complicates this challenge, and tends to accelerate the degradation of both the BAE carbon substrate and the catalyst. This difficultly is compounded for near-neutral electrolytes, in which the pH of the electrolyte may vary within the buffering range. From a material science perspective, research into new catalyst combinations and non-carbon BAE substrates is on-going. Alternative 3-electrode cell designs have also been proposed [19] .
On a system level, the challenges described above have led to creative engineering solutions including mechanically rechargeable Zn-air fuel cells with some niche applications [69] . However, the logistical challenges of these designs prevented them from being adopted on a wide scale. The goal is to develop a high-performance electrically rechargeable Zn-air battery. To achieve this, new ideas and novel designs are needed on every level from material science up through system engineering. In the following section we discuss how numerical modeling and simulation can help in this pursuit and give an overview of recent progress.
Numerical Modeling and Simulation
Experimentally-based research can be expensive and time consuming. The development of theory-based models can help guide researchers down the most promising paths, provide a framework for interpreting experimental results, and lead to new breakthroughs in battery design.
Numerical modeling and simulation serve many purposes in metal-air battery research and can span a wide range of space and time-scales [30, 85, 86] . In the following sections, we review modeling methods commonly used in development of metal-air batteries. We begin on the material level, highlighting methods for studying the electronic properties of catalysts and metal electrodes as well as electrolyte thermodynamics and composition. We then move up to the electrode level, and discuss numerical studies of electrode architecture and what considerations are important in the design process. Finally, we give an overview of cell-level continuum modeling and discuss recent contributions to the literature.
Material Development
The first step in designing a feasible battery must be the selection of appropriate materials. Anode, cathode, and electrolytes all have their own, sometimes conflicting, requirements for activity and stability. Applied modeling methods can help screen potential materials, identify promising paths for development, and reduce the reliance on trial-and-error approaches.
Electrode Materials
Catalyst development is one of the most expensive and time consuming aspects of material research in metal-air systems. Bi-functional air catalysts can take on a wide range of compositions, often include expensive or toxic metals (e.g., Pt, Ag, Co, etc.), and are labor intensive to produce and test. Atomic-scale modeling methods can be applied early in the design process to screen potential catalysts.
Density functional theory (DFT) uses quantum mechanical calculations to make predictions about the electronic structure of multi-atom systems [87] . This method allows researchers to investigate the properties of materials considering the influence of things like surface structures and local coordination of atoms. The basic approach of DFT is to analyze a multi-atom system as the movement of electrons through a fixed array of atomic nuclei. Using the Born-Oppenheimer approximation, the state of the nuclei and the electrons can be split into separate mathematical expressions [88] . In this way the adiabatic potential energy surface of the atoms can be calculated and used to investigate the characteristics of the material [87] . Due to the complexity of the calculations involved, the method is confined to considering a limited number of atoms. Nonetheless it has been shown to be effective at screening the properties of metal alloys for a variety of applications [89] .
Beginning with the work of Norskov, et al. [90] , there have been a wealth of DFT studies investigating the reaction pathway, activity, and stability of materials in metal-air systems. Viswanathan et al. have utilized DFT to predict the activity of different pure and alloyed metals [91, 92] . This group has also applied DFT calculations to investigate a range of phenomena in Li-air batteries [93, 94] . In 2010, Keith and Jacob clarified a multi-pathway electrochemical mechanism for the ORR, which showed good agreement with experimental data. Eberle and Horstmann correlated the change in reaction pathway to an observed change in the Tafel slope [95] . In 2017, Tripkovic and Vegge elucidated the mechanism of the ORR on Pt (111), and used their results to investigate the high activity of Pt-alloys [96] . Non-metallic catalysts, such as nitrogen-doped graphene, are desirable due to their safety and low cost. A multi-scale model featuring DFT of such systems was recently presented by Vazquez-Arenas, et al. [97] , and used to investigate the rate-determining step for the ORR in KOH electrolyte DFT simulations can also be applied to investigate metal electrode materials and solid precipitants. Siahrostami, et al., modeled the effect of surface structure on zinc dissolution [98] . They applied their model to simulate the dissolution of a Zn kink atom, highlighting the potential steps of the dissolution process and predicting the overpotential of the reaction. For electro-deposition, Jäckle and Groß propose that surface diffusion processes are key to understanding the formation of metallic surface structures [99] . They utilized a DFT model to evaluate a range of metal anode materials for their tendency to form dendrites. In the case of non-aqueous Li-air batteries, the precipitation of Li 2 O 2 can electrically isolate the cathode. DFT simulations have been applied to investigate the growth and electronic structure of Li 2 O 2 [31, [100] [101] [102] [103] , in an attempt to mitigate the risk of passivation.
Electrolytes
The behavior of liquid electrolytes in electrochemical systems can be quite complex and have a deciding influence on overall cell performance. The first step in determining the suitability of an electrolyte for a given system is to examine its equilibrium thermodynamics.
The speciation of ions, solubility of solids, and equilibrium potential of electrodes in an electrolyte is strongly dependent on pH and solute concentration [80, 104, 105] . For some systems, such as KOH−ZnO, this behavior is rather straightforward and well-documented [80, 106] , while for others, such as ZnCl 2 −NH 4 Cl, it is very complex and sensitive [3, 107] . Figure 3a shows the speciation of the Zn 2+ ion in ZnCl 2 −NH 4 Cl. Understanding this behavior can be helpful in interpreting battery performance and optimizing system design. According to the law of mass action, for a system at equilibrium with a constant temperature, the value of the reaction quotient is constant. For a generic reaction, this concept is expressed as,
The value of the constant, β, is referred to as the thermodynamic stability constant (sometimes also called the formation or equilibrium constant). In the 1970s, Smith and co-workers assembled an exhaustive compilation of thermodynamic stability constants of metal-ligand complexes, pKa values of acids, and solubility products of solids for a myriad of both inorganic and organic molecules [108] [109] [110] [111] . By incorporating these equilibrium expressions for every electrolyte reaction into simple equations for the conservation of mass and charge, the equilibrium composition of the electrolyte and the solubility of solids can be predicted as a function of pH and solute concentration. A framework for such a model [112, 113] was presented by Limpo, et al., in the 1990s, and was expanded upon in more recent research [106, 114] . Clark, et al., recently presented a framework for predicting the discharge characteristics of a Zn-air cell with an aqueous near-neutral electrolyte based on equilibrium thermodynamic considerations [3] , and showed how they can be incorporated into a dynamic model. Models of equilibrium thermodynamics can also be used to generate potential-pH, or Pourbaix, diagrams [115] . Figure 3b shows a simplified example for the aqueous Zn system. The Nernst equation describes the connection between solute concentration and the equilibrium electrode potential [116] . The equilibrium potentials for the electrochemical reactions in Zn-air systems [80] can be expressed as:
Taking this into consideration, researchers can predict the influence of shifts in pH or solute concentration on electrode potential. Aside from describing the voltage of the cell, this is also useful for identifying possible parasitic reactions, such as H 2 evolution or redox shuttles.
In addition to thermodynamic models, DFT can be used to screen properties of electrolytes and their suitability for metal-air applications. One of the major challenges in aprotic LABs is the development of a solvent that is stable and facilitates oxygen solubility and transport. In 2015, Husch and Korth presented a study of non-aqueous LAB electrolytes [117] . In a wide-ranging work requiring about 2 million hours of process time, they integrated DFT calculations into a larger framework to screen 927,000 potential electrolyte solvents for high Li + and O 2 solubilities and low
viscosity. An illustration of their work is shown in Figure 4 . By strategically applying modeling methods, Husch, et al., were able to by pass the trial-and-error approach and directly highlight electrolyte solvents with the highest chances of success. 
Electrode Design
The development of active and stable materials is essential to battery design. However, care must be taken to appropriately scale-up materials to the electrode level. In this section, we discuss modeling tools which can help fashion suitable materials into high-performance electrodes.
Bi-Functional Air Electrode (BAE)
The BAE in Zn-air batteries is comprised of a porous structure (usually carbon fibers and binder) with mixed hydrophilic and hydrophobic properties. The idea is to encourage the formation of the so-called three-phase boundary without either over-saturating (flooding) or under-saturating (drying out) the pores. When the cell is cycled, pressure gradients are induced in the battery due to the precipitation and dissolution of solid products, which can change the saturation of the BAE. To simulate this behavior, a method of predicting the pressure-saturation characteristics of the BAE structure is needed.
The Lattice Boltzmann Method (LBM) is useful for simulating multi-phase flow in porous media. This approach uses the Boltzmann equation to simulate the flow of fluids as a combination of collision and streaming events of particles on a discrete lattice [118, 119] . Particle positions are confined to the nodes of the lattice and it is assumed that they can move between their current position and adjacent nodes in discrete lattice directions. The probability to find particles at a lattice node with a velocity component in any of the discrete directions is described by a distribution function [120] . If solid boundaries are present in the system, no-slip boundary conditions can be introduced by a simple bounce back scheme. Implementation of the basic LBM equations is straightforward, and there are a variety of open-source codes available [121] .
In electrochemical research [122] , Lattice Boltzmann models have been applied to investigate the transport of water in the GDL of PEM fuel cells [123] [124] [125] [126] . One significant benefit of LBM is the ability to simulate flow in complex geometries. Using X-ray tomography [127] or focus ion beam scanning electron microscope (FIB-SEM) images [128] , real electrode structures can be modeled in 3D and their transport properties evaluated. Recently, Danner, et al., presented a LBM model to predict the pressure-saturation parameters of BAEs in metal-air batteries [128] . Figure 5 shows pressure-saturation curves calculated with LBM for both 2D and 3D simulations of real BAE structures. Their simulations show that the pressure-saturation characteristics of air electrode substrates vary according to whether the electrolyte is draining from the structure (configuration I) or imbibing the structure (configuration II). They proposed this is because the structure contains some pores that can be filled with electrolyte, but are not easily emptied. 
Metal Electrode
The design of the metal electrode is determined mostly by effects linked to passivation and shape change. For Zn-air batteries, the precipitation of ZnO on the electrode surface can isolate it from the electrolyte and slow down the reaction kinetics, eventually killing the electrode. It has been shown that ZnO can take on a porous white morphology (type I) that is reversible, or a dense black morphology (type II) that is irreversible. To model the effects of these precipitants on electrode performance, various models have been developed.
As discussed in Section 2.2, type I ZnO is formed when the dissolved zinc concentration in the electrolyte exceeds the saturation limit, and it precipitates near the electrode surface. This layer of porous ZnO is generally modeled as an additional mass transport barrier [55] , slowing diffusion and migration of OH -to the electrode surface. Early models determined the passivation characteristics using the so-called Sand equation, an empirical expression linking current density, i, and passivation time, t, with constants, k and i e : i = kt 0.5 + i e .
In 1981, Liu, et al., expanded this concept taking into account the mechanism for type I ZnO precipitation. They proposed that the passivation due to type I ZnO occurs via a dissolution-saturation-precipitation mechanism. Put simply, the Zn electrode dissolves until the concentration of Zn(OH) 2 -4 exceeds the saturation limit for nucleation, and the ZnO phase grows as the precipitation reaction proceeds. In their model, they calculate the time required to saturate the electrolyte with Zn(OH) 2 -4 (t a ), the time to precipitate type I ZnO (t b ), and the time to precipitate type II ZnO (t c ), and define the passivation time as t = t a + t b + t c [78] . The resulting 0D model is a helpful predictor of Zn electrode performance, but is not suitable for use in continuum modeling.
In the continuum model of Zn electrodes developed by Sunu and Bennion in 1980 [129] , they considered passivation by assuming that the precipitation of ZnO reduced the active surface area available for the Zn dissolution reaction. More recently in 2017, Stamm, et al., implemented the effect of type I ZnO passivation in a continuum model by calculating the thickness of the ZnO shell and numerically solving for the species concentration at the surface [55] , assuming Nernst-Planck transport across the barrier. These values were then used to calculate the Nernst potential and exchange current density of the Zn dissolution reaction.
While models for passivation due to type I ZnO are rather well developed, there are fewer models for type II ZnO passivation. In 1991, Prentice, et al. [81] proposed that type II ZnO forms directly on the surface of the Zn electrode, and does not follow the dissolution-saturation-precipitation mechanism of type I. By calculating the fractional surface coverage of various zinc-hydroxides as a function of concentration and electrode potential, they were able to simulate rotating disk experiments. Their simulations agreed well with experimental measurements. The model was recreated and the results are shown in Figure 6 . While much progress has been made in understanding the mechanisms of Zn passivation, work remains to be done. A more unified theory of type I and type II passivation, along with implementation in a continuum model, could be an area for future research. A dedicated review of experimental and modeling studies of Zn electrode passivation was presented by Bockelman, et al., in 2017 [130] .
Cell Modeling
The modeling methods described above are very useful for evaluating the properties of individual materials or components, but researchers often need to know how these components will interact with each other in a real electrochemical cell.
Continuum models are among the most useful and widely-applied methods for studying the cell-level performance of metal-air batteries. This approach applies the mass and charge continuity equations to describe the transient characteristics of spatially discretized systems [85, 131] . A list of important continuum models for metal-air systems from the literature is presented in Table 1 . For most applications, a 1D model is sufficient to describe the system. However, 2D and 3D [132, 133] finite volume models of batteries can give more in-depth information for detailed analysis. The mass and charge continuity equations can be expressed in generic terms as, Mass Continuity:
Charge Continuity:
where c i is the concentration of solute i, ε e is the electrolyte volume fraction, N D,M i is the diffusion-migration flux, N C i is the convective flux,ṡ i is the reaction source term, j is the electrolyte current density and z i is the solute charge number. A detailed derivation of these terms based on non-equilibrium thermodynamics and their applicability to metal-air systems can be found in existing works [3, 30, 55, 134] . In their most general form, the continuity equations describe the local conservation of mass and charge due to transport across the boundaries of a control volume and the presence of a source/sink within the bulk of the control volume. To successfully implement these equations physical models for electrolyte transport and (electro)chemical reactions are needed. Chemical reaction models feature a term describing the thermodynamic driving force and an expression of the kinetics [143] . In the case of electrochemical reactions, the most widely-used model is the Butler-Volmer approximation [144] ,
where k 0 is the rate constant (linked to the exchange current density), α is the symmetry factor, η is the surface overpotential, and the other variables take on their usual meaning. While this approximation is sufficient to describe simple electrodes, the precipitation of solid metal-oxides on the surface of the metal electrode forms an insulating layer and can cause the kinetics of the electrode to deviate from idealized models [62, 79, 145] . Special models of metal-electrode kinetics considering the effects of passivation have been developed [78, 81, 130] and implemented [55] in continuum simulations. The Marcus theory of charge transfer reaction kinetics is a more accurate alternative to the Butler-Volmer approximation [146] [147] [148] . The Marcus model builds on an Arrhenius approach, in that the pre-exponential factor is described by the electronic coupling element, H ab , and the reorganization free energy, λ, and the exponential term containing the activation energy. In its quantum mechanical form, the Marcus theory is expressed as
Marcus theory results naturally from quantum mechanics, and can be more easily linked to simulations like DFT [149] . While this approach has been applied in some continuum models, it is difficult to parameterize.
Electrolyte transport is modeled using a combination of expressions for diffusion, migration and convective mass flux [116] , as well as a source term stemming from the chemical reactions described above [150, 151] . While the fundamental components of electrolyte transport models are universal, their exact form can vary based on the ionic strength [116] and pH [3] of the electrolyte. For low ionic strength electrolytes, a simplified dilute solution theory (DST) approach can be applied to model the diffusion and migration transport of solutes [116] . Dilute Solution Theory:
Concentrated Solution Theory:
For high ionic strength electrolytes, a more complete concentrated solution theory (CST) is needed. In this case, a coupled expression for diffusion-migration flux can be derived from non-equilibrium thermodynamics [134, 152, 153] . For strongly acidic or alkaline electrolytes, the concentrations of H + or OH -are usually so high that concentration gradients do not affect the thermodynamic stability of the solutes. However, for electrolytes in the weakly acidic to weakly alkaline range, the concentrations of solutes in electrolytes can swing by orders of magnitude as pH gradients develop in the cell [80, 112, 113] and can affect the performance of the cell [3] . A new method for modeling electrolyte transport in near-neutral systems was recently proposed by Clark, et al. [3] . When metal-air batteries are operated, the precipitation and dissolution of solids and the conversion of H 2 O by the ORR/OER can induce a convective flux of electrolyte in the cell [30] . In general terms, the convective flux can be expressed as
where v e is the center-of-mass velocity of the electrolyte. This adds an additional level of complexity to metal-air battery models over closed systems, such as Li-ion, which often apply a simpler Nernst-Planck model. A method for considering multi-phase convective flow in continuum models was presented by Horstmann, et al. [30] and is discussed in detail later in the text. Continuum models of ZABs have been developed intermittently since the 1980s. The first 1D continuum model of a Zn electrode in an alkaline ZAB was developed in 1980 by Sunu and Bennion [129] . It was based on the general 1D model for concentrated transport in porous electrodes outlined by Newman [116] . Their simulations showed the inhomogeneous precipitation of ZnO and investigated the shape change of the Zn electrode during cycling. In 1992, Mao and White [135] developed an extended model that also resolved the separator and air electrode. They found that K 2 Zn(OH) 4 does not precipitate and compared simulated cell voltages with experimental measurements. Ten years later, Deiss, et al. [136] performed ZAB cycling simulations with a 1D model of the Zn electrode and separator based on dilute solution theory. They studied the redistribution of Zn and the development of concentration gradients in the cell.
In recent years, there has been a boom in continuum modeling frameworks for both Zn-air and Li-air systems, with some areas of overlap. In 2012, Neidhardt, et al., presented a flexible continuum modeling framework for multi-phase management, with direct application to a variety of electrochemical systems [131] . In their work, they applied this framework to simulate a range of fuel cells and batteries to demonstrate the versatility of the approach. In their simulations of non-aqueous Li−O 2 batteries, they noted that the system is limited by a combination of slow oxygen transport and blockage of cathode pores with Li 2 O 2 .
To address the oxygen transport and passivation challenges associated with aprotic LABs, Horstmann, et al., were motivated to examine precipitation in alkaline aqueous LABs [30] . Their model featured two important developments. The first was the introduction of pressure-saturation expression to simulate the electrolyte flooding and drying-out of the BAE. The saturation of porous structures was described with a so-called Leverett approach, which had previously been applied in models of fuel cells. The Leverett function, J(s), uses empirical constants to approximate the saturation of a porous structure as a function of the capillary pressure, (p e − p g ):
In this expression, B e is the electrolyte permeability, ε 0 is the porosity of the electrode, σ is the surface tension, and p e and p g are the pressure in the electrolyte and gas phases, respectively. In the expression for the Leverett function, s is the electrode saturation and the remaining variables are constants. These constants can be determined experimentally or predicted numerically by combining 3D structure characterization with LBM simulations [128] . With the pressure of the electrolyte and the saturation of the BAE known, the convective velocity of the electrolyte can be solved using a Darcy model:
where η e is the viscosity of the electrolyte. Their simulations found that the availability of gas diffusion electrodes for aqueous systems reduces the oxygen transport limitations seen in non-aqueous LAB systems. The second development was the implementation of a model for LiOH · H 2 O precipitation based on the classical theory of nucleation and growth. By defining terms for the reaction enthalpy of formation for both the bulk and surface of the nucleus, they identified the critical formation energy and nucleus size. Considering a diffusion limited precipitation mechanism and the supersaturation of Li + as the driving force for nucleation and growth, they were able to simulate the spatially resolved precipitation of LiOH · H 2 O. The results, shown in Figure 7 , indicate that LiOH · H 2 O does not block the cathode pores. Rather it precipitates mostly near the separator-anode interface, thereby addressing the passivation challenge in aprotic LABs. In 2015, the model of Horstmann, et al., was extended by Grübl and Bessler to engineer seven variants of aqueous alkaline LAB systems [141] . They identified improvements to the glass separator and the development of lighter electrode materials as areas for further research. While the potential advantages of aqueous LABs are clear, most recent modeling studies have focused on non-aqueous systems.
One of the first continuum models for non-aqueous LABs was presented by Andrei, et al., in 2010 [137] . Their simulations considered the effects of cell architecture and operational conditions on concentration profiles and cell voltage, and provided a solid foundation for further development. Recent multi-scale modeling studies of non-aqueous LABs focus heavily on the nucleation and growth of solids, and their affect on cell performance. A 1D continuum model of a LAB was developed by Albertus, et al., in 2011 [26] . They found that although O 2 transport can be limiting for high current densities, the main limitation in LABs relates to the precipitation of solids. For carbonate solvents, the dominant discharge product is Li 2 CO 3 , which, along with Li 2 O 2 , poses a strong passivation risk to the cathode. The model was based on a CST approach for electrolyte transport. It did not consider the effects of electrolyte convection or cathode saturation, which was identified as an area for future development.
With the shift to non-carbonate electrolytes, the morphology of Li 2 O 2 precipitated during discharge became the subject of research. Knowing that pore blockage was a challenge in LAB performance, Xue, et al., developed a continuum model to investigate Li 2 O 2 precipitation considering the pore size distributions of cathode materials [140] . They later extended their model to determine the effect of both electrolyte solvent and applied current density on Li 2 O 2 morphology [154] . A nano-scale continuum model to study the rate-dependent growth of Li 2 O 2 was presented by Horstmann, et al. [35] . They found that the morphology of Li 2 O 2 shifts from discrete particles at low discharge rates to an electronically insulating film at high current densities. This line of research was then expanded to consider the effects of Li 2 O 2 precipitation on the charging process. Yin, et al., presented a continuum model for non-aqueous LABs that links the size of the Li 2 O 2 particles created during discharging to the two-step voltage profile observed during charging [142] . The effect of the Li 2 O 2 reaction mechanism on the discharge/charge characteristics was investigated by Grübl, et al. [155] . They found that the reaction mechanism is partially irreversible, and considered the effects of adding a redox mediator to the electrolyte. Finally, some researchers have highlighted not only the effects of Li 2 O 2 morphology, but also its electronic properties. Radin, et al. integrated a DFT simulation of Li 2 O 2 with charge carrying dopants into a simple Nernst-Planck continuum model to study ways to promote the OER [103] . They found that dopants, such as Co and Ni could enhance the OER and improve the rechargeability of non-aqueous LABs.
Applying continuum modeling methods to both aqueous and non-aqueous LAB development has illuminated the challenges and the opportunities inherent to these systems. Further research is needed into the effects of solid precipitation and oxygen transport in non-aqueous LABs and the long-term electrolyte stability of aqueous LABs. However, the modeling studies highlighted above have shown promising paths for further investigation.
Zn-air continuum modeling studies provide insight into challenges, such as electrolyte carbonation, Zn electrode passivation, and improved cell design. In 2014, Schröder, et al. published a framework for a 0D ZAB continuum model, which they utilized to study the effect of air composition on cell performance [138] . Examining the effects of the relative humidity (RH) and carbon dioxide content of air, they found that controlling the RH can help reduce electrolyte loss and that the presence of CO 2 can dramatically limit the lifetime of the cell. In a separate paper, they combined this model with x-ray tomography measurements of a primary button cell to monitor the state-of-charge during discharge [139] .
Experimental tests of ZAB button cells have shown a voltage step in the middle of discharge, particularly at high current densities [55] . In 2017, Stamm, et al., presented a model to clarify the mechanism behind this observation. Concentration profiles from their model are shown in Figure 8 . The nucleation of ZnO requires an over-saturation of Zn(OH) 2 -4 in the electrolyte. For high current densities, the electrolyte concentration gradients that develop in the cell are strong enough that Zn(OH) 2 -4 does not reach the critical super-saturation for nucleation in the anode-separator interface and ZnO does not nucleate. As a result, the surface concentration of OH -in this region is much higher than in areas of the electrode covered by a ZnO film, as shown in Figure 8c . When the uninhibited Zn near the separator is completely utilized, the overpotential of the dissolution reaction increases, causing the observed drop in cell voltage. For this reason, they proposed that Zn electrodes should contain a small amount of ZnO powder. In this way, the effects of inhomogeneous ZnO nucleation can be avoided. Stamm, et al., also considered the effects of CO 2 dissolution in the KOH electrolyte. They found that after about 2 months, the carbonation of the electrolyte becomes so severe that the cell can no longer function. To address this issue, they purpose employing either carbon dioxide filters or neutral electrolytes. ZABs with near-neutral chloride-based electrolytes could address the electrolyte carbonation issue and have been experimentally investigated [43, 44] . The initial results are promising, but the composition and behavior of these electrolytes during cell operation is unclear. In 2017, Clark, et al. presented a continuum framework for modeling pH buffered aqueous electrolytes, and applied it to study ZABs with pH adjusted ZnCl 2 −NH 4 Cl electrolytes [3] . Utilizing a 0D thermodynamic model of the electrolyte, they determined the pH stability and predicted the conditions under which a range of solids would precipitate. Integrating this method into a 1D continuum model, they simulated the performance of experimental near-neutral ZABs from the literature. Figure 9 shows concentration profiles of in the cell proposed by Goh, et al. [43] during cycling. The Zn electrode is on the left and the BAE is on the right of the domain. To maintain a neutral pH in the BAE, the buffer reaction NH + 4 − − − − NH 3 + H + counteracts the pH shifts inherent in the ORR/OER. As more NH 3 is produced, it forms dominant complexes with Zn 2+ , shown in Figure 9a . Because there is an excess of NH + 4 in the electrolyte, the buffer reaction is uninhibited and the pH during discharging is relatively stable (Figure 9e ). During charging, the buffer reaction is reversed and NH 3 is converted to NH + 4 . As NH 3 is depleted, zinc-chloride complexes dominate in the BAE (Figure 9b) . Some of the NH 3 that was produced during discharge diffuses into the bulk electrolyte and cannot be quickly recovered. When NH 3 is locally depleted, the buffer reaction becomes limited and the pH in the BAE becomes acidic (Figure 9f ). Acidic pH values can accelerate catalyst degradation and limit the lifetime of the cell. In their work, Clark, et al., discuss how cell architecture and electrolyte composition can be optimized to avoid this effect and improve performance.
Continuum models can be invaluable for investigating a range of phenomena in electrochemical cells, from the effects of discharge product precipitation to the electrolyte stability. Through the development of theory-based models, side-by-side with experimental investigation and validation, researchers can identify and pursue the most promising paths towards advanced metal-air batteries. . Once the capacity of zinc to take up NH 3 is completely utilized, NH 3 accumulates in the GDE (c); As the NH + 4 /NH 3 solution approaches its equivalence point, the pH value in the GDE becomes steadily more alkaline (e); At the Zn electrode, the small amount of NH 3 present is taken up by excess Zn 2+ and the pH value becomes slightly more acidic. When the cell is charged, the production of H + in the GDE pushes the equilibrium of the ammonium buffer back towards NH + 4 . The zinc-ammine complexes release NH 3 back to the solution as charging progresses, and at the end of charging, zinc in the GDE exists exclusively as zinc-chloride complexes (b); To stabilize the pH value in the GDE, there must be NH 3 available for the conversion into NH + 4 . However, a considerable amount of the NH 3 produced during discharging diffuses into the bulk electrolyte and cannot be quickly recovered. This leads to a depletion of NH 3 in the GDE (d); At the Zn electrode, the concentration of NH 3 increases because of the redeposition of zinc. Without NH 3 to stabilize the pH value, the electrolyte in the GDE becomes acidic (f). At the Zn electrode, the loss of aqueous Zn 2+ and the relative excess of NH 3 cause the pH value to increase. Reproduced from Clark, et al. [3] with permission from Wiley-VCH.
Model-Based Battery Engineering
To provide an example of how modeling and simulation can be applied to advance zinc-air battery development, we performed a series of cell-level continuum simulations using existing ZAB models [3, 55] . In this analysis, we optimize the thickness of the zinc electrode to maximize the capacity of the cell while avoiding the unwanted effects of passivation. The initial composition of the electrolyte is 7 M KOH, saturated with ZnO. The BAE and separator are both 0.5 mm in length and the Zn-electrode is varied. The cell is galvanostatically discharged at current densities ranging from 0.1 to 50 mA · cm −2 . Figure 10a shows the magnitude of the KOH concentration drop across the cell at the end of charging. As the thickness of the Zn electrode and the magnitude of the current density increase, the long transport paths and large source terms induce significant concentration gradients in the cell. This is important because KOH gradients can affect the solubility of ZnO and increase the risk of passivation in the Zn electrode. Figure 10b presents the utilization of zinc metal in the battery. The results show that for current densities less than circa 20 mA · cm −2 , the active Zn in the electrode is essentially completely utilized (>90%) for all Zn electrode thicknesses. However, for higher current densities, passivation of the electrode occurs due to two competing factors. The ZnO that precipitates in the electrode acts as a barrier to mass transport. For thick Zn electrodes, this barrier to transport is so large that the bulk concentration of KOH in the Zn electrode drops to the point that there is insufficient hydroxide present to form Zn(OH) 2 -4 complexes, and Zn utilization drops to circa 50%. For thin electrodes, the ZnO transport barrier remains relatively small and the bulk KOH concentration remains in an acceptable range. However, in these electrodes there is less active surface area available for the reaction, which leads to a higher flux term at the surface of the Zn particles. For current densities over 30 mA · cm −2 and electrodes less than 2 mm, the magnitude of the flux term is large enough to locally deplete OH -at the electrode surface and passivate the electrode. The Zn utilization drops to circa 80%. Figure 10c shows the discharged capacity of the battery. Increasing the thickness of the Zn electrode increases the amount of active material in the cell and the theoretically achievable capacity. However, the passivation of thick electrodes at higher current densities limits the amount of Zn that can be utilized, as shown in the previous figure. The result is that a battery with a 5 mm Zn electrode discharged at 10 mA · cm −2 has roughly the same capacity as a battery with a 10 mm Zn electrode discharged at 50 mA · cm −2 .
When designing an alkaline ZAB, care should be taken to size the Zn electrode considering the current requirement and the desired capacity. With this information, an informed decision can be taken regarding how much Zn paste should be included in the battery to obtain the optimum performance.
Model-based engineering can also be applied in the testing phase of development to design experiments with the highest chance of success. Because Zn electrodes have a high capacity and can only be discharged at limited rates, it takes a very long time to study their cycling characteristics. Often, the solution is to perform "accelerated" tests with smaller electrodes or at higher current densities, both of which increase the risk of irreversible passivation.
Consider the case in which a researcher wants to cycle a ZAB 200 times in less than 3 months. One cycle is defined as moving between 70% and 30% state-of-charge (SOC), and the electrode consists of a paste that is 50 vol % Zn and 50 vol % electrolyte. Figure 11a shows the time required to complete 200 cycles under these conditions for different combinations of current density and Zn electrode thickness. Figure 11b shows the time required to passivate the Zn electrode. By comparing the passivation time with the cycling time and applying an engineering safety factor of 1.3, we can mark the passivation limitations of the system. This region is shaded in black in Figure 11c . Combinations in the red zone of the figure exceed the time limitation, and we assume that electrodes smaller than 100 microns are impractical to manufacture (orange). With these factors in mind, we define a region of combinations (green) which could fit the researcher's needs. When appropriately applied, model-based battery design can be of great value to scientists and engineers. The tools we have reviewed and applied in this analysis give insight into every aspect of battery performance, from the atomic structure of materials to the dynamic performance of whole cells. Embracing an integrated approach to modeling and understanding battery performance can help guide researchers towards achieving the goal of viable and high-performance metal-air batteries.
Conclusions
A variety of modeling and simulation methods can be applied to aid the development of zinc-air and other metal-air battery systems. While many metal-air systems are currently under development, Li-air batteries (LABs) and Zn-air batteries (ZABs) are the most promising systems.
On the material level, density functional theory (DFT) can be applied to investigate the electronic properties of catalysts and metals. This could help to screen new catalysts for properties like activity, stability, and selectivity and to elucidate the effect of surface structures on metal dissolution and deposition. Furthermore, equilibrium thermodynamic models can be used to predict the speciation of electrolytes and the solubility of precipitants. This can help determine not only the state of the electrolyte for different pH and concentration mixtures, but also its stability within the electrochemical window of the cell.
When it comes to electrode design, one challenge is to develop a bi-functional air electrode (BAE) that maintains an optimum level of saturation (neither flooding nor drying out) during battery operation. Lattice-Boltzmann-Methods (LBM) can be developed to investigate the pressure-saturation characteristics of real BAE structures in 2D or 3D.
Physics-based continuum modeling is the most useful and widely-utilized method for simulating the cell-level performance of metal-air batteries. Models constructed with this method are able to give researchers insight into a range of phenomena including the coupled effects of electrolyte concentrations, precipitation of solids, electrode kinetics, and cell voltage. The versatility of continuum modeling and the wide array of existing literature on the subject make it a good tool to advance the development of metal-air batteries.
Numerical modeling and simulation studies have shown that the performance LABs with non-aqueous electrolytes is encouraging but limited by slow oxygen transport and pore blockage by Li 2 O 2 . DFT simulations have been applied to elucidate the electronic structure and reaction mechanisms of Li 2 O 2 and investigate possible alternative non-aqueous electrolyte solvents. Continuum models have highlighted the cell-level effects of Li 2 O 2 precipitation and O 2 transport. The nucleation and growth of Li 2 O 2 particles and films and its effect on the reversibility and performance of non-alkaline LABs is a major topic of research. Aqueous LABs improve oxygen transport in the air electrode and facilitate more favorable precipitation, but the long-term stability of the electrolyte is limited when exposed to CO 2 . Continuum models developed for aqueous LABs have provided a framework for integrating the multi-phase flow in the air electrode into models of other metal-air systems.
ZABs stand alone as the only successfully commercialized primary metal-air system so far. Modeling studies of these systems highlight the performance of the alkaline electrolyte in air, passivation and shape change of the Zn electrode, and cell-level engineering. Because of its historical dominance, there is a long history of Zn-air continuum models, going back to the 1980s. Recent studies have been provided a scheme for interpreting and understanding experimental results, and a new framework developed to model ZABs with alternative near-neutral electrolytes could find wide application in other electrochemical systems. Implementing these modeling tools in the design process brings researchers closer to the goal of building high-performance and electrically rechargeable zinc-air batteries.
